The equivalence between the N-particle Calogero-Moser systems and the integrable sl(N,C)-tops is shown. New rational and trigonometric classical Lax operators for these systems are found. Relations with new solutions of the classical Yang-Baxter equations for sl(N,C) are discussed. Explicit formulae for N=2,3,4 are presented.
Introduction
It was shown in [1] that the systems of the sl(2,C) Euler-Arnold tops [2, 3, 4] are equivalent to the two-particle Calogero-Moser systems (CM). In the present paper we generalize these results to an arbitrary rank. We show that the N-particle trigonometric and rational CM systems correspond to some new classes of sl(N,C) tops. The L-operators for these systems do not coincide with the standard degenerations of the elliptic Belavin L-operator. Thus, these Lax operators correspond to some new solutions of the classical Yang-Baxter equation for sl(N,C). In appendix we present explicit expressions for these L-operators for N=2,3,4. We write out the integrals of motion and then check that they commute with respect to the standard Poisson structure on sl(N,C). Here θ k m (z) are the standard theta functions with the elliptic parameter τ :
Equation (1) fixes the Poisson brackets between S i :
In what follows we also use the Chevalley basis:
In [5] , in the framework of Hitchin approach to the integrable systems [6] , the interrelations between the elliptic sl(2,C) top and the elliptic two particle Calogero-Moser system was found. In terms of the Lax operators for these systems the correspondence is looks like a gauge transformation:
where Ξ(z) is a 2×2 matrix depending on the spectral parameter z and on the relative coordinate u = u 1 − u 2 of the CM system:
and L ECM (z) is the L-operator for the elliptic CM system:
From (3) we have:
where:
The gauge transformation acts in the "internal space" of the L-operator too, i.e. in addition to conjugation (6) we should change the dynamical variables:
, Or more explicitly:
After applying the gauge transformation of such a form, we can take the limit τ → i∞ in (6). We get:
With respect to the canonical Poisson bracket {u, v} = 1 we have:
The Casimir function:
Equations (8) can be presented in a form:
Taking the limits we get:
It is worth noting that L-operator (10) does not coincide with the standard trigonometric degeneration of the elliptical one. Thus, this Lax matrix corresponds to some new trigonometric solution of the Yang-Baxter equation. Let us calculate the hamiltonian for the system defined by L T T (z):
and from the definition for the hamiltonian we have:
Using (8) we see that this hamiltonian describes a motion of the trigonometric CM system:
Let us move to the rational case. To get the rational degenerations of (8) we should replace the constant π (the half period of the trigonometric functions) by a new variable x and then take the limit as x goes to zero. Just as in the trigonometric case we see that in this limit the right hand side of (8) diverges. To avoid this difficulty we apply to (9) an additional gauge transformation:
where the matrix A R (x) has the form:
The gauge transformation in the internal space acts as follows:
i.e. we have a substitution:
After such a transformation we can take the limit x = 0 in (12) and we find:
Expressions (14) can be presented in a form similar to (3):
where
Lax matrix (16) is a new rational L-operator for sl(2,C) because it does not coincide with the standard rational one. This Lax matrix defines some new hamiltonian system on the algebra sl(2,C). The hamiltonian of this system can be obtained from the expansion:
Using (14) we see that this hamiltonian coincides with the hamiltonian of the rational CM system:
Thus, we have shown that there exist new trigonometrical and rational L-operators corresponding to the two particle CM systems. These new Lax operators can be obtained from the elliptical one by applying to it some additional gauge transformations. One can generalize this construction to an arbitrary rank. A main difficulty here is to find the matrices of the additional gauge transformations A T (q) and A R (x) for all N.
The Elliptic SL(N) Top
The elliptic sl(N,C) top is the integrable system defined by the classical Belavin-Drinfeld L-operator:
Here ϕ m,n (z) are defined by the standard theta functions (2):
where S m n are the generalized coordinates of the top and T m n are the N × N matrices of the sl(N,C) generators in the fundamental representation. The generators T m n correspond to the so called sin-alg basis and can be constructed as follows:
It is easy to see that these operators form the sl(N,C) basis, and obey the following relations:
Here |a| is the value of a modulo N that belongs to the interval (1..N ), i.e. |0| = N . The dynamics of the top is defined by the Lax equation by means of the auxiliary M-matrix:
From Lax equation we can get the equations of motion:
where ℘(z, τ ) is the Weierstrass elliptic function. The quadratic hamiltonian of the system is defined by the expansion:
In [5] the correspondence between the elliptic sl(N,C) top and the N-particle elliptic CM system was established. The Lax operators of these systems are connected by the equation:
The Trigonometric Lax Operator
The trigonometric degeneration corresponds to the limit q → 0. It can be checked that in this limit the right-hand side of (24) diverges and as well as in the sl(2,C) case we need to apply to this equation some additional regularising gauge transformation depending on q. To find the matrix A T (q) of the additional gauge transformation let us consider behaviour of the matrix elements of Ξ(z) in the neighbourhood of the point q = 0. We find that:
From these expressions we find the leading terms for the right hand side of (24):
Analogously to the sl(2,C) case let us consider the matrix A T (q) in the diagonal form:
The degrees a i are defined from the condition for regularity of (24) after applying the the gauge transformation A T (q) in the limit q = 0. Combining (26) and (27) we have:
Therefore, the necessary condition for a i has the following form:
The second condition is that the matrix A T (q) belongs to the gauge group SL(N) for all q:
From (28) and (29) we get:
After constructing the matrix A T (q) we can find the trigonometric Lax operator:
Here as well as in the sl(2,C) case in addition to conjugation (31) the gauge transformation acts in the internal space of the L-operator. To alleviate the calculations it is useful to work in the basis g i j induced by the natural embedding sl(N,C) ֒→ gl(N,C). The connection between the sin-alg basis and gl(N,C) basis has the form:
To give the answer for the limit (31), which seems complicated, it is useful to write it down by parts. For the nondiagonal part we get:
The diagonal part of
The connection with the N-particle trigonometric CM system has the form:
where L T CM (z) is the Lax operator for the N-particle trigonometric CM system:
and the matrix Ξ T (z) is defined as the limit:
Lax matrix (32) defines some new integrable system on the algebra sl(N,C). The hamiltonian for this system is defined in the standard way:
Using equation (35) for the hamiltonian we get:
Therefore, we get the equivalence between the N-particle trigonometric CM system and some new integrable top on the algebra sl(N,C) defined by L-operator (32). It worth noting that this Lax has very sophisticated form, and it does not coincide with the standard trigonometric L-operator for the algebra sl(N,C). To illustrate the formula (32) we give in appendix the explicit expressions for L T T (z) in the cases N=2,3,4. We calculate the integrals of motion for the system defined by these Lax and check that they commute.
The Rational Case
The rational degeneration corresponds to the limit as the period of the trigonometric functions approaches infinity. To find this degeneration we replace in (35) the constant π by a new variable x and then tend x to zero. As well as in the sl(2,C) case the right-hand side of (35) diverges in this limit. Analogously to the trigonometric case we apply to this equation the regularizing gauge transformation depending on the parameter x. Let us consider the matrix A R (x) for this transformation in the form:
here the matrix W 1 is lower-triangular and does not depend on x. The matrix W 2 is diagonal:
As in the previous section we need to find the degrees b i and the coefficients of W 1 from the condition for regularity of the limit: lim
We find:
Having found the regularizing matrix A R (x) we can get the rational version of (35):
where L RCM (z) is the Lax operator for the rational N-particle CM system:
and the matrices Ξ R (z) and L RT (z) are defined as the limits:
where K N is some constant defined from the condition for regularity of the limit for Ξ R (z). The hamiltonian of the rational top is defined in the standard way:
Using (43) for this hamiltonian we get:
The last equation gives the equivalence between the rational top on the algebra sl(N,C) defined by Lax operator (43) and the N-particle rational CM system. In this section we have not presented the explicit expression for the L RT (z). Nevertheless, using the matrix of additional gauge transformation (39) by means of modern computational tools such as Maple or Mathematica we can calculate limits (44) for N≤ 10. In appendix we present the examples of such a calculations for N=2,3,4. We give the explicit expressions for the L-operators corresponding to these cases and calculate the integrals of motion for the rational tops and then check that they commute.
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Appendix T
Here we give the examples of the trigonometrical Lax operators for N=2,3,4. We use the following normalization for Lax operators:
The operator L(z) for N = 2:
The operator L(z) for N = 3:
L2 2 = (e −iπ z g2,2 − e −iπ z g1,1 − e iπ z g3,3 + e iπ z g2,2)/3 L2 3 = e −1/3 iπ z g2,3
The operator L(z) for N = 4:
L1 2 = e −1/2 iπ z g3,4 + e −1/2 iπ z g1,2 − g3,4e 3/2 iπ z + e −1/2 iπ z g2,3 − g2,3e
1/2 iπ z L2 2 = (−3 e iπ z g3,3 − 3 e −iπ z g1,1 − e −iπ z g4,4 + 3 e −iπ z g2,2 + 3 e iπ z g2,2 + e iπ z g1,1 − e iπ z g4,4 + e −iπ z g3,3)/8 The hamiltonians and highest integrals of motion
On calculating the integrals of motion we use the standard definition:
The integral H2 is usually identified with the hamiltonian. We check the commutativity with respect to the standard Poisson bracket on the algebra gl(N,C):
The case N=2 H2 = 1/2 (g2,2 − g1,1 + 4 g1,2) (g2,2 − g1,1 − 4 g1,2) π 2
The case N=3 H2 = 2`g2,2 2 − g2,2g3,3 − 9 g2,3g2,1 − g1,1g3,3 − 9 g1,2g1,3 + g1,1 2 − 27 g1,3g2,3 − g1,1g2,2 + g3,3 2´π2 H3 = g1,1 2 g2,2 + 27 g1,3 2 g2,1 − g1,1 2 g3,3 + g2,2 2 g3,3 − 9 g1,2g2,2g1,3 − 27 g2,3 3 + 9 g2,3g2,1g1,1 −g1,1g2,2 2 + g1,1g3,3 2 + 27 g1,3 3 − 27 g2,3 2 g1,2 − 9 g3,3g2,3g2,1 + 9 g1,2g1,3g3,3 − g2,2g3,3
2
And we have checked that {H2 , H2}3 = 0.
The case N=4 H2 = 2 g1,1g2,2 + 6 g1,1g3,3 − 5 g4,4 2 + 6 g4,4g2,2 + 2 g4,4g3,3 + 32 g3,4g3,2 + 2 g2,2g3,3 + 32 g1,3g2,4 + 32 g2,3g2,1 + 64 g2,4 2 + 32 g2,4g3,1 − 5 g1,1 2 + 2 g1,1g4,4 + 64 g3,4g2,1 + 128 g1,4g3,4 − 5 g2,2 2 + 32 g1,2g1,4 − 5 g3,3 2 + 64 g2,3g1,4 H3 = 4 g1,3g2,4g4,4 − 4 g1,3g2,4g3,3 + 4 g1,3g2,4g2,2 − 16 g3,4 2 g1,3 − g1,1 2 g4,4 − 4 g1,3g2,4g1,1 − 64 g3,4g2,3g2,4 − 32 g1,2g3,4g2,4 − 8 g3,4g2,1g4,4 − 16 g3,4g2,3g3,1 + 4 g2,4g3,1g1,1 + 8 g3,4g2,1g1,1 − 8 g2,3g2,1g3,3 + 4 g2,4g3,1g3,3 − 4 g2,4g3,1g2,2 − 4 g2,4g3,1g4,4 − 8 g3,4g3,2g4,4 + 8 g1,2g1,4g4,4 − 8 g3,4g2,1g3,3 − 8 g2,3g1,4g3,3 + 8 g2,3g2,1g1,1 − 16 g1,2g2,3g2,4 + 8 g2,3g1,4g1,1 + 8 g3,4g3,2g2,2 + 8 g2,3g1,4g4,4 − 8 g1,2g1,4g2,2 + 16 g1,3g2,1g1,4 + 8 g3,4g2,1g2,2 + 64 g2,4g2,1g1,4 + 32 g2,4g3,2g1,4 − 8 g2,3g1,4g2,2 + 16 g1,3g1,4 
